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Abstract. We study some aspects of the theory of non-commutative differential 
calcuh over complex algebras, especially over the Hopf algebras associated to compact 
quantum groups in the sense of S.L. Woronowicz. Our principal emphasis is on the 
theory of twisted graded traces and their associated twisted cyclic cocycles. One of 
our principal results is a new method of constructing differential calculi, using twisted 
graded traces. 



Introduction. A compact group is a compact space witti a continuous multiplica- 
tion satisfying certain extra conditions. In the theory of compact quantum groups 
developed by S.L. Woronowicz [3, 4, 5, 6, 8], one replaces the compact space by 
a unital C*-algebra A that is in general non-commutative, and replaces the group 
multiplication by a co-multiplication on A satisfying certain cancelation conditions. 
Contained in A is a dense *-subalgebra A, the representation algebra, that is a Hopf 
algebra under the restriction co-multiplication. Both A and A admit a Haar integral 
and this is vital for many aspects of the theory we develop in this paper. 

The considerations in this paper are motivated by the theory of compact quan- 
tum groups, but it is not these objects that we study here; rather, we study differen- 
tial calculi over such groups. Our context is therefore non-commutative differential 
geometry in the spirit of that subject as developed by Alain Connes [2] . The study 
of differential calculi in the quantum group setting was initiated by Woronowicz — 
indeed, he constructed the first example of such a calculus [7]. However, it was 
immediately apparent in his work that Connes' theory of non-commutative geome- 
try does not cover the calculi occurring in the quantum setting. To explain briefly 
what is involved, recall that although the algebra of forms in the classical setting 
of differential manifolds is not commutative, it is "nearly" so, in the sense that 
ujuj' = {—l)^^uj'uj, if uj and iv' are a fc-form and an /-form, respectively. In Connes' 
non-commutative geometry, it is no longer true that ujuj' = {—l)'^^uj'u. However, for 
a graded trace (this is an appropriate kind of "integral" on the "non-commutative 
manifold"), we have J ujuj' = (—1)^'/ uj'uj, where uj and uj' are a /c-form and an 
/-form, respectively. This integral condition is of fundamental importance in the 
cyclic cocyle theory developed so successfully by Connes in the past two decades. 
However, even this weaker commutativity condition does not hold in the context 
of differential geometry over quantum groups. If one thinks of a graded trace as 
the analogue of a trace on a C*-algebra, then one can explain the situation in the 
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quantum setting by saying that one must replace a trace by a KMS state. More 
precisely, in this setting there is an automorphism a of degree zero of the algebra 
of forms such that J ujuj' = (—1)^' J a{uj')uj, where u and u' are a A;-form and an l- 
form, respectively. This is, of course, analogous to the situation with a KMS state h 
on a C*-algebra, where one has an automorphism cr on a dense *-subalgebra for 
which h{ah) = h{a{b)a), for all elements a and b in the subalgebra. 

In his seminal paper on differential calculi over quantum groups [7] , Woronowicz 
remarks that the integral he defines on his 3-dimensional calculus over the quan- 
tum group SUq{2) does not fit into the framework of Connes' non-commutative 
geometry, but he does not develop this observation. In this paper we introduce the 
concept of a twisted graded trace (the analogue of a KMS state) to replace Connes' 
graded traces. It is then necessary to develop a theory of twisted cyclic cocycles 
and we do this here. One of our principal results is a new method of constructing 
differential calculi; in essence, in this approach we start with a twisted graded trace 
and construct a calculus (in Woronowicz 's approach one goes in the opposite di- 
rection). We feel that our approach may be more natural, since, to some extent, it 
involves giving a "presentation" of the calculus in terms of generators and relations. 

We give a brief overview of the paper now. In Section 1 we introduce the basic 
terminology and prove two theorems that are very useful for constructing twisted 
graded traces. We also introduce a quotient construction for obtaining a differential 
calculus from a twisted graded trace. In Section 2 we introduce twisted cyclic 
cocycles and develop their relationship with twisted graded traces. In both this 
section and the next, we develop a theory of twisted cyclic cohomology. This 
contains Connes' theory as a special case, but, as we have indicated above, the more 
general theory is necessary to deal with the examples that occur in the quantum 
group setting. However, the theory developed in Sections 1-3 is not restricted to 
the quantum group setting and applies in the more general context of differential 
calculi over arbitrary unital algebras. In Section 4 we develop aspects of the theory 
of left-invariant twisted graded traces over left-covariant differential calculi. In this 
situation the underlying algebra is assumed to be a Hopf algebra. An important 
result here is that the differential calculus constructed from a left-invariant twisted 
graded trace on the universal calculus is shown to be itself left-covariant. Also, 
we give a characterization of the twisted cyclic cocycles that correspond to left- 
invariant twisted graded traces. In the final section. Section 5, we show in detail 
how our ideas can be used to give an alternative construction of Woronowicz 's first, 
3-dimensional, differential calculus over quantum SU (2). This is a construction that 
may be of prime importance in the future for obtaining new examples of differential 
calculi. 

1. Diflferential calculi. 

In this section we set up the basic terminology for studying differential calculi 
over algebras that are not necessarily commutative. One can think of this as the 
study of differential forms in the setting of quantum spaces or manifolds. We give 
a general procedure for constructing such calculi. We begin by recalling some basic 
definitions. 

Let n be a (positively) graded algebra, Vt = ©J^o^n- A graded derivation on Vt 
is a linear map d:VL ^ VL for which d{u!'u>) = d{u>')u> + (— l)"'a;'cL;, for all u>' e 
and all lv E 

A graded differential algebra is a pair (fi, d), where is a graded algebra, d is 
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a graded derivation on Q of degree 1 (as a linear map) and — 0. The elements 
of Q are referred to as the forms of (O, d) and the elements of as the n-forms. 
The operator d is referred to as the differential. 

Now suppose that A is an arbitrary associative unital algebra. Then there is 
a graded differential algebra (O, d), for which Qq = A, that has the following 
universal property: If a is an algebra homomorphism from A into the algebra Qq 
of 0-forms of a graded differential algebra {Q, d), then there exists a unique algebra 
homomorphism a from to extending a such that ad = da. This property 
uniquely determines (0, d) (up to isomorphism). Note that a is clearly necessarily 
of grade zero. We shall usually denote the extension a by the same symbol a as 
the original homomorphism. 

We shall use the following two useful properties of {Q, d): 

(1) Let n > 1. Then every clement of 0„ is a sum of elements of the form 
aodai ■ ■ ■ dttji, and dai ■ ■ ■ da^j where the elements belong to A; 

(2) Let n be a positive integer and Ti a multilinear map from A^~^^ to a linear 
space Y and T2 a linear map from A^ to the same linear space Y. Then there is a 
unique linear map T from 0,^ to Y for which T{aodai ■ ■ ■ dan) = Ti{ao, ai, . . . , a^) 
and T{dai ■ ■ ■ dan) = ^2(01, . . . , a„), for all uq, ai, . . . , G A 

In practice, the universal graded differential algebra (O, d) is too big to be useful. 
However, it can be used to construct smaller, finite- dimensional differential algebras 
that are useful. 

A differential calculus over ^ is a graded differential algebra (Q, d) for which 

(1) = A; 

(2) Let n > 1. Then every element of fi„ is a sum of elements of the form 
aodai ■ ■ ■ dan and dai ■ ■ ■ dan, where the elements ao, ai, . . . , belong to A. 

If the differential calculus fl is unital (as an algebra), then the unit of Q has to 
belong to CIq = A and therefore has to be equal to the unit 1 of A. 

We shall say the differential calculus {Q, d) is finite- dimensional, of dimension 
iV, if Oat 7^ and = for n> N. 

The universal graded differential algebra is clearly a differential calculus over A, 
but it is, equally clearly, not finite-dimensional, nor unital. 

We now describe a general procedure for obtaining a new, "smaller" calculus 
from a given calculus. Let N he a positive integer and let (il, d) be a differential 
calculus over A that is either not finite-dimensional, or is of finite dimension greater 
than N. We define a new differential calculus (O', d') of dimension by setting 
fl'f. = flk, if k < N and OJ. = 0, if k > N. We define the multiphcation ■ in Q' 
by setting, for ui G fifc and u>2 & ^i, i^i ■ (^2 — ^1^2, ii k + 1 < N, and by setting 
uji ■ 0J2 = if k + I > N. We set d'(uji) = d(oJi), if k < N and set d'{oJi) = 0, 
if k > N. We call {ft', d') the differential calculus of dimension N obtained from 
(O, d) by truncation. 

If (O, d) is a differential calculus over A, we say a linear functional J on O is closed 
if J d — 0. lfu>i,..., u>M £ ^, then a simple induction shows that du>idu2 ■ ■ ■ duM = 
d{ujidw2 ■ ■ ■ dwu)- Hence, if J is closed, J dujiduj2 ■ ■ ■ dujM = 0. We shall frequently 
tacitly make use of this observation. If a; is a fc-form and uj' an arbitrary form, 
then j[dw)u)' = (—1)'^+^ J udui' , another result we shall use tacitly in the sequel. 
It follows from the fact that d{ujuj') = {duj)uj' + {—l)^ujduj' and J diujuj') = 0. 

A linear functional J on is a twisted graded trace if there is an algebra auto- 
morphism cr: — > of degree zero for which ad = da and J uj'lo = [—1)^^ J a{uj)uj', 
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for all non- negative integers k and I and for all a; G and u>' & Qi. 

We say cr is a twist automorphism associated to /. It is useful to observe 
that f ^{uj) = J u, for all a; G O. To see this, observe first that a = al and 
da — d{al) — {da)l + a{dl) for all a E A. It follows that any element of Q 
is a sum of products of two elements of Q. Let lu^oj' G fl. We may write 
uj = J2k^k and oj' = X^fc^fe' where oJk^oj'k £ ^k- Then / ujuj' = J2k,l I '^k'^l — 

Theorem 1.1. Let {Cl,d) be the universal calculus over a unital algebra A. Sup- 
pose that J is a closed linear functional on Q and that ao:A^ A is an algebra 

automorphism for which J ao{a)uj = J uja, for all a E A and a; G O. Then j is a 
twisted graded trace having a twist automorphism a that extends (Jq. 

Proof. The automorphism, (Tq: Oq — * Oq, extends uniquely to an automorphism, 
cr: O ^ O, for which ad = da, by the universal property of (O, d). We shall show 
that / is a twisted graded trace, with a as its twist automorphism. Thus, to prove 
the theorem, we have only to show that, for each positive integer 

(1) j u'u = J a{cjy, 

for all integers k such that < k < N, and for all u E flk and uj' G fl^-k- We 
shall prove this by induction on k. It clearly holds for A; = by hypothesis. Let's 
assume it holds for k and we shall prove it for + 1, where we also suppose that 
k + l<N. We first show that 

(2) J adu = (-i)ik+i){N-k-i) J 

where u> E flk and a G flN-k-i- We suppose first that k + 1 < N. If a = dco', 
where co' G flN-k-2, the closcdness of J implies that both sides of the above 
equation are and hence equal. Since Otv-A;-! is the linear span of elements of 
the form duj' and {du!')a, where u' G flN-k-2 and a G ^, we may now clearly 
suppose that a = {dw')a. We have f{dLu')adoj = J dw'd{auj) — J{dw'){da)uj = 
— J{du}'){da)uj = (— J a{u})(du}')da, by the inductive hypothesis. Since 
d(a{u;)u;') = {da{oj))oj' + (-l)''a{oj)dw' = a{dw)uj' + {-!)'' a (u) dw' , we get 

u>)u>')da — J a{du>)u>'da] 

^ ^_l^^i+k{N-k)^_-^^k+i^_-^^N-k-2^J a{du)d{u'a) - J a{du){dLj')a] 
= (_i)i+fe(iv-fe)(_i)fe+i(_i)iv-fc-iy a{duj){doj')a 
= (_l)(fc+i)(iv-fe-i) j a{du){du')a. 



This shows that Equation (2) holds, as required, when k -\- 1 < N . For A; + 1 = A'' 
the argument is similar, but much simpler, and is therefore omitted. It follows now 
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from Equation (2) that, for all a E A, we have 

= (_l)(fc+i)(iv-fc-i) J ao{a)a{du;)a = J a{adLo)a. 

This shows that Equation (1) is satisfied for k in place of A; + 1. This completes our 
induction, so Equation (1) is now seen to be true for /c = 0, . . . , A?". □ 

We say that a linear functional J on is left faithful if, whenever a; e f2 is such 
that J uj'uj — 0, for all u' G H, wc necessarily have uj = Q. 

Theorem 1.2. Suppose {Vt,d) is a differential calculus over a unital algebra A. 
Suppose that J is a left faithful, closed linear functional on O and that ao: A ^ A 
is an algebra automorphism for which J ao{a)u> — J uia, for all a & A and uj & Q,. 
Then J is a twisted graded trace having a twist automorphism a that extends uo . 

Proof. The automorphism, ao:l^o^^o, extends uniquely to an automorphism, 
a:Q^Q, for which ad = da, by the universal property of the universal differential 
calculus {Cl,d). Likewise the isomorphism, idx-^o ^o? extends uniquely to a 
surjective homomorphism, n:Cl^Q, such that nd = dir. We define J on O by 
setting j' u) = J 7r(a;), for all uj E Cl. Clearly, j' is a closed, linear functional on Cl 
satisfying the hypothesis of the preceding theorem. Hence, j' is a twisted graded 
trace, with a as its twist automorphism. 

Suppose now that uj e Cl and 7r(a;) = 0. We shall show that 7r(a-(a;)) = 0. If 
Lo' G O, then f Tv{a{uj'))Tv{a{uj)) = f a{uj'uj) = f uj'uj = J 7r(a;')7r(c<;) = 0, since 
7t{uj) = 0. It follows from faithfulness of j that n{d'{uj)) = 0, as required. 

We can now use this invariance of ker(7r) under a to induce a homomorphism 
a on Q defined by setting a{iT{uj)) — iT{a{u>)), for all uj E Q. It is clear that 
/ uj'uj = {—!)'''■ f a{uj)uj', for all integers k and I and for all uj e flk and uj' G fli. 
Clearly, since a extends ctq, so does a. It is easily checked that ad = da. Moreover, 
a is surjective, since a and tt are. Thus, to show that J is a twisted graded trace 
with a as twist automorphism, we need only show now that a is injective. To see 
this, suppose that G and a{uj) — 0. Then J uj'uj = (—1)'^' J a{uj)uj' — 0, for 
all integers I and for all uj' G fli. Hence, since J is left faithful, a; = 0. Therefore, 
a is injective, as required. □ 

If / is a linear functional on a differential calculus, its left kernel is defined to 
be the set of all forms u for which J uj'uj = 0, for all uj' G O. Obviously, the left 
kernel is a left ideal of O. If the intersection of the left kernel of J with A is the 
zero space, we say J is weakly faithful. Obviously, J is left faithful if, and only if, 
its left kernel is the zero space; hence, f is weakly faithful if it is left faithful, as 
one would expect. 

Theorem 1.3. Let J be a twisted graded trace on a differential calculus {Q, d) over 
a unital algebra A. 

(1) f is weakly faithful if, and only if, for each element a E A for which J auj = 0, 

for all u E O,, we have a = 0. 

(2) If f is weakly faithful, then f admits exactly one twist automorphism. 

Proof. First, suppose that j is weakly faithful. Let a be any twist automorphism of 
J and suppose that a E A and that J auj = 0, for all u E 0,. Then J uja~^{a) = 0. 
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Hence, by weak faithfulness of J, cr~^{a) = and therefore, a = 0. This shows 
the forward implication in Condition (1) and the reverse implication is shown by 
similar reasoning. 

To see Condition (2) holds, let p and a be twist automorphisms for J. Then, 
for all a e ^ and uj & Q, J {p{a) — a{a))u = J p{a)uj — J a{a)uj = J ua — J ua = 0. 
Hence, p(a) = a{a). Using the fact that pd = dp and ad = da, it now follows 
immediately that p = a. □ 

Let N he a non-negative integer. We say that a linear functional / on is 
N -dimensional if / a; = 0, for all fc-forms, where k ^ N . 

Suppose now j' is an A^-dimensional, weakly faithful, closed twisted graded trace 
on a differential calculus (O, d) over A and let a denote the twist automorphism 
of / . We are going to construct a new, A^-dimensional, differential calculus (O, d) 
from (n, d, J') and a new, A^- dimensional, closed twisted graded trace J on Q that 
is left faithful. 

The twisted tracial property of / implies that, for each form a; e f], the condition 
J uj'uj = 0, for all uj' e Ci,, is equivalent to the condition J ujoj' = 0, for all cu' e Cl. 
Hence, if / is the left kernel of it is not only a left ideal of O, but is also a 
right ideal. We denote by O the quotient algebra Cl/I. It is trivially verified that 
^ I for all n > A and that if w G /, then its k-th component belongs to 
/ also. It follows that if Qk denotes the image of Ci^ in the quotient algebra fl, 
then fl = ilo ® • • • ® ^AT- Moreover, this makes fl into a graded algebra. Since 
/ n ^ = 0, because J is weakly faithful, we may, and we do, identify flo with A. 

If iv' e Clk and we/, then j' uj'duj = (-1)''+^ /'((iw')w = 0. This implies 
that duj G /. Hence, d{I) C / and therefore d induces a linear map d:fl ^ fl. 
It is immediate that (i is a graded derivation on fl and, indeed, that {fl, d) is an 
A-dimensional differential calculus over A. 

Since J clearly annihilates I, we get an induced linear map / on fl. Also, it is 
clear that a{I) C /, so that a induces an algebra automorphism a on fl. It is now 
easily verified that / is an A-dimensional, closed twisted graded trace on fl with a 
as its twist automorphism. 

We call {fl, d) the differential calculus associated to {fl, d, J ) and J the canonical 
twisted graded trace on fl. The significant gains resulting from this construction 
are that {fl, d) is finite-dimensional and that J is left faithful. 

It is straightforward to verify that if one starts with an A-dimensional differential 
calculus {fl, d) over A, and with a left faithful, closed twisted graded trace J on fl, 
then (up to isomorphism) one can obtain fl, d and J by the preceding quotient 
construction from an A-dimensional, weakly faithful, closed twisted graded trace 
J on {fl, d). 

The question now arises as to how wc can obtain twisted graded traces on {fl, d). 
We shall see these arise from twisted cyclic cocycles. We shall discuss these objects 
and explain their relationship with twisted graded traces in Section 2. 

Suppose now that ^ is a unital *-algebra. We shall say that {fl, d) is a *- 
differential calculus over A if it is a differential calculus over A and if fl is endowed 
with a conjugate-linear map, fl ^ fl, u> ^ co* , extending the involution on A, hav- 
ing the following properties: 

(1) {u*)* = u), for all uj efl; 

(2) {UJ1UJ2)* = {-!)'''' uj2iol, for all ui G flk and L02 G flf, 
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(3) d{co*) = (dio)*, for all cj e Cl. 

We shall call the map, uj iv*, the graded involution of Q. Notice that there is 
at most one such graded involution. 

A linear map, J: Q — >^ C, is self-adjoint if f u* = {f u)~ , for all u> E Q. 

The universal differential calculus (Q, d) of a *-algebra ^ is a *-differential cal- 
culus in a natural way. Suppose now j' is an A'"-dimensional, weakly faithful, self- 
adjoint, closed twisted graded trace on (0,6?). Let / be its left kernel, {fl,d) the 
associated A^-dimensional differential calculus and / the canonical twisted graded 
trace on Q. Then / is self-adjoint — that is, if a; e /, then lo* e / — and (fi, d) is a 
*-differential calculus over A, where {u + I)* = oj* + I, for all ui E O,. To see / is 
self-adjoint, suppose that a; is a fc-form belonging to /. If uj' is an {N—k)-ioTm., then 
f'u'u* = (-l)^(^-'=)(/'w(c^')*)" = 0- Hence, u* e I. This proves /* C /. It now 
follows easily that the involution (uj + I)* = u* +I makes (O, d) into a *-differential 
calculus over A. It is equally easy to see that / is self-adjoint. 

2. Tvi^isted cyclic cocycles and differential calculi. 

Suppose that ^ is a unital algebra. For n > 0, let C'^(^) denote the set of all 
multilinear maps from A^+^ to C. Set C*(^) = ©n€NC"(^). Then C*(^) is a 
graded linear space. There exists a unique linear map, b: C*(^) C*(^), making 
(C*(^),b) a cochain complex for which, for (p e C'^{A), 

n 

{h(fi){ao, an+i) = ^{-'^T'fiiO'O, Oj-i, aiOj+i, 0^+2, • • • , On+i) 

+ (-l)''+V(an-hiao, ai, . . . , an). 

The Hochschild cohomology HH*(^) of A is defined to be the cohomology of 
(C*(^),b). Thus, HH^(^) = H'^(C*(^),b) for aU n e Z. 

The permutation operator A on C*(^) is the linear isomorphism of degree zero, 
defined by setting A(<^)(ao, ai, . . . , a„) = (— l)"'(/?(an, ao, ai, . . . , a^-i), for n > 0, 
(p e C"(^) and ao,...,a^ G A. Set C*(^) = ©^eNC^(^), where C^(^) = 
{(p e C"'{A) I A((/?) = (f}. The coboundary operator b leaves each space C^(^) in- 
variant and therefore its restriction makes (C^(^), b) into a cochain complex. The 
cohomology of this complex is denoted by H^(^) and called the cyclic cohomology 
of A Thus, H^(^) = H'^(C*(^),b). 

It will be useful to recall also the degree 1 operator b' on C*(^) defined by the 
formula 

n 

(bV)(ao, • • • , On+i) = X](-l)V(oo, • • • , aiai+i,ai+2, an+i) 

1=0 

for n > and (f G C"(^). It is well known that (b')^ = and that the cohomology 
of the cochain complex (C*(^),b') is trivial, U*{C*{A),h') = 0. 

We generalize the definition of cyclic cohomology now. Suppose that {A, a) is a 
pair consisting of a unital algebra A and an algebra automorphism a:A^ A. We 
get a new operator corresponding to the permutation operator, a linear isomorphism 
A: C*(^) C*(^) of degree zero, by setting 

A((^)(ao, ai, . . . , an) = (-l)"(/?(o-(a^), ao, ai, . . . , an-i) 
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forn > and (p e C^(^). We set C*(>l,c7) = ®^(.^CI{A,(t), where CI{A,(t) = 
{ip G C^{A) I A((/?) = (/?}. We shall make C^(^, cr) into a cochain complex whose 
cohomology will be a "twisted" version of ordinary cyclic cohomology. To this end 
we introduce new operators c and b on C*(^), both of degree 1. These are defined 
by setting b = b' + c, where, for (p e C^{A), and a^, . . . ,an E A, 

(cv7)(ao, . . . , ttn+i) = (-l)"+V(cr(on+i)ao, ai, . . . , a^). 

Thus, b is a "twisted" version of the usual Hochschild coboundary operator. To 
see that b^ = 0, one uses the fact that (b')^ = and proves the easily veri- 
fied fact that cb' + b'c + = 0. As in the classical cyclic cocycle theory, one 
can show that b'(l — A) = (1 — A)b. This immediately implies that C\{A^a) = 
{<p G C*(v4.) I X<p — <p} is invariant under b. Hence, by restricting b, we get a 
cochain complex (C^(^, o"), b). We denote by H^(^, cr) the cohomology of this 
complex and call it the twisted cyclic cohomology of {A, a). We denote by Z^iA, cr) 
and B^(^, cr) the n-cocyles and n-coboundaries for the complex (C^(^, cr), b). We 
call the elements of these spaces the twisted cyclic n-cocyles and n-coboundaries of 
(vA, a) , respectively. 

Clearly, if a = id^, then H* (^, a) = H* (^). 

Theorem 2.1. Let {Q,d) be a differential calculus over a unital algebra A and 
suppose that J is an N -dimensional, closed, twisted graded trace on Q. Define the 
function, (p:A^'^^ — > C, by setting 

(p{ao, . . . , ctv) = J aodai ■ ■ - daN- 

Let cr be an automorphism of A for which J a{a)u! = J coa, for all a & A and 
u) G Then ip belongs to Z^(^, cr). 

Proof. We show first that \(p = ip. Let oq, . . . a^v be elements of A. Then, since J 
is closed, and dao ■ ■ ■ da^-i = d{aodai • ■ ■ daN-i), we have 

Xip{aoj . . . , ajv) = (—1)^ J (j{aN)dao ■ ■ ■ daN-i — ( — 1)^ J {dao ■ ■ ■ daN-i)ciN 

= J ao{dai ■ ■ ■ daN-i)daN = <piao, . .., Qn)- 
To show that h(p = 0, we shall use the fact that 

N 

^^{—lydai • • • d{aiai^i) • • • daN+i = {—l)^{dai • • • daN)ciN+i—(J'ida2 • • • daN+i, (2.1) 

i=l 

for all ai, . . . , oat+i G A (this is well known, see [2, p. 187]). It follows from this 
equality, and from the twisted tracial property of /, that 

hip{ao, aN+i) = ^(-1)' / aodai ■ ■ ■ d{aiai+i) ■ ■ ■ daN+i 
i=i 

+ / aoaida2- ■ ■ dttN+i + / a{aN+i)aodai ■ ■ ■ daN 

+ J aoaida2 ■ ■ ■ da^+i + (-1)'^"'"^ j ao{dai ■ ■ ■ daN)aN+i = 0. 



The theorem is now proved □ 

We call the twisted cyclic cocycle associated to d) and J. 

Theorem 2.2. Let a be an automorphism of a unital algebra A and let ip e 
Zj^ cr), for some integer N > 0. Then there exists an N -dimensional differ- 
ential calculus (O, d) over A and an N -dimensional, closed twisted graded trace J 
on Q such that (f is the twisted cyclic cocycle associated to {Q,d) and J. 

Proof. Define an A'^-dimensional linear functional j' on the universal difi^erential 
calculus over A by setting f' aodai ■ ■ ■ daN — ^{ao, ■ ■ ■ , cln) and j' dai ■ ■ - daN = 
0, for all oq, . . . , ajv G v4. By definition, J' is closed. 

Next we show that j' uaN+i = /' o"(aAf+i)'^, for all ttN+i G A and all u E Q. 
Clearly, to show this, we may suppose that u> = aodai ■ ■ - daN or a; = dai ■ ■ - daN, 
for some elements oq, . . . , ajv G A. Then, using the fact that h(p = and therefore, 
h'(fi = —C(fi, and again using Equation (2.1), we have 



a{aN+i)aodai ■ ■ ■ daN = {-l)^'^^C(fi{ao, qn+i) = (-l)'^bV(ao, • • • , ajv+i) 

AT 

= (-1)^ J^(-l) V(ao, • • • , aiUi+i, ajv+i) 

i=Q 

= (-l)^(^(-l)' / aodai ■■■ d{aiai+i) ■■■ daN +1 + aQaida2 ■ ■ ■ daN+i) 
i=i 

= {-l)^{J ao{{-l)^ {dai ■ ■ ■ daN)aN+i - aida2 ■ ■ ■ dttN+i) + J aQaida2 ■ ■ ■ daN+i) 
ao{dai ■ ■ ■ daN)cLN+i- 



In the other case 

J a{aN+i)dai ■ ■ ■ daN = </f (cr(ajv+i), ai, . . . , un) = {-l)^(f{ai, un, ajv+i) 

= (-1)^ J aida2 ■ ■ ■ daN+i = J {dai ■ ■ ■ daN)aN+i , 

where we used the closedness of f' and the aforementioned fact in the last equality. 

It follows now that / is a twisted graded trace. Now let {fl, d) be the A^- 
dimensional differential calculus obtained from 0, by truncation, and let J be the 
restriction of j' to Cl. Clearly, J is again a closed twisted graded trace and cp is the 
twisted cyclic cocycle associated to d) and J. □ 

If a is an automorphism of a unital algebra A and (p e C^(A, cr), we say that (p 
is left faithful if, for each element a in A, we have a = 0, if tp{aaQ, ai, . . . qn) = 0, 
for all ao, . . . , o-at G A. Since Xp = p, we have, for each index i = 0, . . . , N, a = 0, 
if (p{ao, tti, . . . , aaj, . . . a^r) =0, for all ao, . . . , Oa? E A. 

Theorem 2.3. Let a be an automorphism of a unital algebra A and let (p e 
Z^{A,a), for some integer N > 0. If p is left faithful, then there exists an N- 
dimensional differential calculus {Q,d) over A and a left faithful N -dimensional, 
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closed twisted graded trace J onQ such that (p is the twisted cyclic cocycle associated 
to {Q, d) and J . 

Proof. Define an AT-dimensional finear functional j' on the universal differential 
calculus Q, over A by setting f' aodai ■ ■ - daN = ^{ao, • • • , Oiv) and j' da\ ■ ■ - daN = 

0, for all ao, . . . , ttAT G A. Wc saw in the proof of the preceding theorem that j' is 
a closed twisted graded trace. The faithfulness assumption on Lp ensures that f' is 
weakly faithful. Now let (O, d) be the A^-dimensional calculus associated to O and 
j' and let J be the canonical A^-dimensional, left faithful, closed twisted graded 
trace on Q. Then cp is clearly the twisted cyclic cocycle associated to J. □ 

To round off this circle of ideas, let us note that if J is any A^-dimensional, 
weakly faithful, closed twisted graded trace on a differential calculus (fi, d) over a 
unital algebra A, the associated twisted cyclic cocycle (p is clearly left faithful. 

Wc turn now to the case of ^-differential calculi. If (O, d) is such a calculus 
over a unital >K-algebra A, then it is readily verified that, for all 1-forms cui, . . . , ujn 
of O, {u>i ■ ■ ■ un)* — SNi^N ' ' ' where {sn) is the sequence of scalars defined 
inductively by si = 1 and sat+i — {—1)^sn. If (p is the A'"-cocycle associated to 
an A'"-dimensional weakly faithful, closed, self-adjoint, twisted graded trace J on 
Q, then (p* = ip, where (/?*(ao, . . . , ajv) = -SAr+i<^(a^, . . . , ag) (as usual, ip is the 
complex congugate function corresponding to ip, so that ipix) = p>{x)). To see that 
(p* = (p, observe that, if cr is a twist automorphism associated to J, then 

(p*{ao, ajv) = SN+i<fia%, . . . , Oq) = sjv+i(-l)^<^(cr(ao), a%,..., al) 

= SN+i{-lf{ J <j{a*o){da%) ■ ■ ■ {dal))- = snSn+i J {dai) ■ ■ ■ (dan)a(a^)* 

= ^N+i J (dai) • • • {daN)cr~^{ao) = J aodai ■ ■ ■ daN = ^{ao, . . . , gn)- 

Here, in the third last equation, we have used the easily verified fact that a~^{a*) = 
cr(a)*, for all a G ^ (this uses weak faithfulness of j). 
These observations motivate the following definitions. 

If the function, (p: A^'^'^ — > C, is multilinear, we define (p* by setting (p*{ao, . . . , otv) 
SN+i<fia*p^, • • • , Oq), for aU oq, . . . , otv e A 

If cr is an automorphism of A such that cr(a)* = cr~^(a*), for all a E A, then we 
call a regular. As we observed above, the restriction to ^ of a twist automorphism 
associated to a weakly faithful, self-adjoint twisted graded trace is regular. Another 
observation: if a is any self-adjoint automorphism of A and cr'^ = id, then a is 
regular. 

It is easy check that, if a is any regular automorphism of A, and </? G {A, cr), 
then (p* G C^(^, a). It is also the case that, if h(p = 0, then h(p* = 0. However, 
this requires some proof, so we give the details. It clearly sufices to show that, if 
ao, . . . , ajv_|_i G A, then 

TV 

^{-iy<f{a*N+i, , . . . , ao) + (-l)^+V(oAr, aoa{aN+i)*) = 0. 

Set bi — a^_|_]^_j, for i = 0, . . . , iV -|- 1. Multiplying the above equation by (—1)^ 
and using the fact that a{aN+i)* = cr~^{ci'*N+i) — "^"^(^o), we see that we need 
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only show that 



AT 



^(-1)^-V(^>0, • • • , bN-ibN-r+1, 6Ar+l) + (-l)''^+V(^'l, ■■■,bN, bN+l(J-\bo)) = 0. 



i=0 



Now we use the fact that A99 = (p, which implies that (— . . . , bN, bN+ic ^{bo)) = 
(fi{a{bN^i)bo, 61, ... , 6jv), to see that we have only to show that 



N 



^(-1)^ V(^o, • • • , bN-ibN-i+1, • • • , bN+i)+{-l)^'^^(p{o-{bN+i)bo, 61, ... , ^at) = 0; 
that is, it suffices to show that 

TV 

5^(-l)V(&o, . . . , bibi+i, bN+i) + (-l)^+V(^(&iv+i)^>o, 61, . . . , 6iv) = 0. 

i=0 

However, this is true, since it is just the equation (b' + c)(fi{bo, . . . , bN+i) = 0, which 
holds because hip = 0, by assumption. 

If we define (p to be self-adjoint, if (p* = (p, then the preceding observations, 
together with the easily checked equation (97*)* = show that every element 
(f e Z^{A, cr) can be written in the form (p = (pi+i(p2, for some self-adjoint elements 
(pi and (p2 in {A, a). (Of course, one sets ipi = {ip + (p*)/2 and (p2 = — (p*)/2i.) 

Now suppose that J is an A^-dimensional, closed, twisted graded trace on a *- 
differential calculus (O, d). If the twisted cyclic A^-cocycle ip associated to J is self- 
adjoint, then J is self-adjoint. To see this we need only show that {J — J w*, 
where co = aodai ■ ■ ■ daN or u> = dai ■ • - daN, for elements ao, . . . ,aN belonging to 
A. However, we have 

( J = (p{ao, ajv) = <fi*iao, ajv) = SN+i<fia%, • • • , ag) 
= sn+1 J a^idal) ■ ■ ■ {da^) = {-1)^ J {{dao) ■ ■ ■ ((iajv-i)ajv)* 
= {—1)^ J {d{aodai ■ ■ ■ daN-i)aN)* = J {aod{aida2 ■ ■ ■ daN))* = J ^* • 

In the second last equation we used the fact that f d = and that d{{aodai ■ ■ ■ (iajv-i)ojv) 
= d{aodai ■ ■ ■ daN-i)aN + {—l)^~^aod{aida2 ■ ■ - daN)- 

If a; = dai ■ ■ ■ daN-, it is clear that J to — — f uj* due to the closedness of J. 

We sum up our observations in the following theorem. 

Theorem 2.4. Let A be a unital *-algebra and let a be a regular (algebra) au- 
tomorphism of A. Let J be an N -dimensional, closed, twisted graded trace on a 
*- differential calculus d) over A, and suppose that its twist automorphism ex- 
tends a. Let (p he the twisted cyclic N-cocycle associated to J , so that (p e Z^{A, cr). 
Then (p is self-adjoint if, and only if, J is self-adjoint. 
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3. Twisted cyclic cohomology. 

In this section we briefly consider the twisted cychc cohomology theory of a 
pair {A, a) , where ^ is a unital algebra and a is an automorphism of A. We 
shall be particularly interested in the construction of analogues of the important 
operators S and B occurring in the classical cyclic cohomology theory. These are 
used to relate twisted cyclic cohomology to twisted Hochschild cohomology. We 
begin by defining the latter. Note that if 99 G C"(^), then (A"'+^v:)(ao, . . . , a„) = 
ip{a{ao), . . . , cr(a„)), for all ao, . . . , G A Let C*{A, a) = ©ti6nC"'(^, a), where 
C''{A,a) = e CiA) I A'^+V = One can show that, for </? e C^(^), we 
have bA^+V = X^'+^hcp and b'A^+V = A^+^bV- It follows that C*{A,a) is 
invariant for b and b' and therefore we get a cochain complex (C*(^, cr), b). We 
denote its cohomology by HH(^, a) and call it the twisted Hochschild cohomology 
of the pair {A, a). 

We shall now get the twisted cyclic cohomology as the cohomology of the total 
complex of a bicomplex. To define this bicomplex we introduce the operator N of 
degree zero on C*(^, a), defined, for Lp G C"'(^, a), by setting N(/7 = J27=o^^'fi- 
One can show that bN = Nb' and (1 - A)b = b'(l - A) and N(l - A) = 0. Hence, 
for C" = C"'{A, o"), the following diagram defines a bicomplex 



bt -b'T bt -b'T 

bt -b't bt -b't 

bt -b't bt -b't 



We denote this bicomplex by C**{A,a) and its total complex by T*{A,a). The 
entry in the bicomplex at the position (m, n) is C'^'"'{A, a) — C'^{A, a). We denote 
the cohomology of T*(.A, cr) by HC*(.A, cr). We shall see that this is isomorphic 
to Ha(^, ct). The advantage of this alternative description is that it enables us to 
define the operators S and B in a natural way. 

We define a cochain map tt from the complex C^(^, a) to the complex T*(^, a) 
by mapping x in C^(^, a) onto (x, 0, . . . , 0) in T'^(^, a) = ®i^o^''''~'{A, a). Then 
one can show that the induced linear map, tt*: H^(^, a) HC*(^, cr), is an iso- 
morphism. 

We now define C'^^] to be the cochain bicomplex obtained from C**{A,(t) by 
restricting to the first two columns and setting all other columns equal to zero. 
Let T*2j(^, o") be the total complex of Cj2*- We define a cochain map 9 from 
T^2j(A(7) to C*{A,a) by setting 6{x) = x, for x in T'f^^{A,a) = C^{A,a) and 
setting 0{xo,xi) — xq, for (xo,xi) in Tpj(^, cr) = C"(^, cr) © C"~-'^(w4, cr), where 
n > 0. The induced map, 9^ mapping H*(Tpj(^, cr)) to HH*(^, cr), is an isomor- 
phism. 

Now we define a cochain map of degree 2 on T*(^, cr) by shifting its chain 
bicomplex two columns to the right; more precisely, if x = (xq, . . . , x^) G T^(A, cr), 
set R(a;) = (0, 0, xq, . . . , Xn)- Let P be the degree zero cochain map from T*(^, cr) 
to T*2] (^,cr) obtained by projecting; more precisely, P(a;) = a; for a; G T°(^, cr) 
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and P{x) = {xo,xi), for x = {xq, . . . ,Xn) £ T^{A,cr), where n > 0. This gives a 
short exact sequence of cochain maps 



^ T*(^, a) ^ T*{A, a) ^ TUA, a) ^ 0. 



On the cohomological level we therefore get an exact triangle 



U*{T*,^{A,a)) 
p* \ 



d 




U*{T*{A, a)) 



Finally, we define the linear maps I: H^(^, a) HH*(^, a), S: H^(^, a) H^(^, a) 
and B: HH*(.A, cr) H^(^, a) of degrees 0, 2 and -1 respectively by setting I = 
^*P*7r*, S = 7r~^R*7r* and B = 7r~^dd~^. This gives us an exact triangle 



Thus, we have indicated how the principal results of the elementary theory of cyclic 
cohomology extends to the twisted case. Since the proofs in this more general 
setting are essentially the same as in the non-twisted case, we have omitted the 
details. 

4. Left-covariant diflPerential calculi. 

Differential calculi that are left-covariant are of prime importance for the theory. 
We shall introduce this concept now. For this we need to suppose that A is endowed 
with a co-multiplication A making the pair { A, A) a Hopf algebra (such an algebra 
is unital by assumption). In the sequel we shall use a number of elementary results 
about Hopf algebras without explicit reference. A good general source for this 
material is [1] . 

Recall that a left-covariant bi-module over [A, A) is a pair (F, Ar), where F is a 
bi-module over A, and Ar is a linear map from F to^ F such that the following 
conditions hold: 

(1) (A ® idr)Ar = (id^^ ®Ar)Ar and (e ® idr)Ar = idr, where e is the co-unit 
of (^, A), (that is, Ar is a left co-action); 

(2) Ar(a76) = A(a)Ar(7)A(6), for aU 7 e F and a,beA. 

An element 7 e F is said to be left invariant if Ar(7) = 1 (8) 7. We denote by 
F™^ the linear space of left-invariant elements of F. 

li a E A and / is a linear functional on A, we set f * a — (id^ ®/)A(a). We 
shall make use of the following result from the theory of left-covariant bi-modules. 



HH*(^, a) 



B 



ni{A,a) 



By expansion of this we get a long exact sequence 
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Theorem 4.1 (S.L. Woronowicz [7, 9]). Let (r,Ar) be a left-covariant bi- 

module over a Hopf-algebra {A, A) . 

(1) There is a unique isomorphism of left A-modules from A ® T^"^ onto F that 
maps a ® 7 onto aj, for all a E A and 7 G F'"^. 

(2) Suppose that the family of elements {■^i)iei is a linear basis for V^^^ . Then 
it is a free left A-module basis for F and also a free right A-module basis of 
F. Moreover, there exist linear functional fjk on A, for all j, k E I, such that 
fjk{ab) = J2iei fji('^)f'i>^(^) ^'^^ /ifc(l) = ^jk and for which we have the equations 
Ij^ ~ Si6/(/ji * '^)7i ^'^^ '^Ij — Sie/ 7j((/ii'^~"'^) * '^);' where k is the co-inverse 
for {A, A). 

When we consider a sum ^^^j Xi of a family {xi)i^i of elements in a vector space 
X with no topological structure, it is understood that Xi = for all but a finite 
number of indices i & I. 

Let (O, d) be a unital differential calculus over A such that dl = 0. This is a 
bi-module over ^ in a natural way. If the map, A^: Q ^ A^ fl, makes O into 
a left-covariant bi-module and (id^®(i)An = Afid, and Aq^g) — A(a), for all 
a e ^, we call the triple (Q, d, Aq) a left-covariant differential calculus over (.4., A). 
A moment's reflection, using the fact that Q is generated as an algebra by the 
elements a and da, where a E A, shows that only one such left action Aq can 
exist making (O, d, Aq) a left-covariant calculus. For this reason, we often speak 
of the left-covariant differential calculus {^,d), omitting explicit reference to A^. 
Henceforth, we shall also often speak of the Hopf algebra A, omitting explicit 
reference of the co-multiplication A. 

The map Aj^ is automatically of degree zero, where we regard A® as graded 
algebra in the obvious way (its space of /c-forms is the tensor product A (E) Ofc). 

The linear span of the set A{A){A(S) 1) = {A(a)(6(g) 1) | a, 6 G ^} is equal to 
A<Si A (this is true for any Hopf algebra) . It follows from this that the linear span 
of Aq{Q){A(S) 1) is equal to ^0 fi. 

We shall denote the linear space of left-invariant /c- forms of O by O™^. 

Let A be any unital algebra (not necessarily the underlying algebra of a Hopf 
algebra). In section 1 we introduced the universal differential algebra (O, (i) over 
A (which is not unital). But there also exists a universal unital differential algebra 
over A and this is the one we will be working with in the rest of this paper. There 
exists a unital graded differential algebra (O, (i), for which Qq — A, that has the 
following universal property: If a is a unital algebra homomorphism from A into 
the algebra Oq of 0-forms of a unital graded differential algebra (O, d), then there 
exists a unique unital algebra homomorphism a from Q to Q extending a such that 
ad = da. This property uniquely determines (Q, d) (up to isomorphism). Note that 
dl = 0. 

We shall use the following useful property of (0,6?): 

Let n be a no n- negative integer and T a multilinear map from A^~^^ to a linear 
space Y such that T(ao, . . . , a„) = 0, if any of the elements scalar. 
Then there is a unique linear map T from to Y for which T{aodai ■ ■ ■ dan) = 
T(ao, ai, . . . , an), for aU ao,ai, . . . ,an E A. 

Theorem 1.1 remains valid for {Q,d) in place of (O, d), provided uo is assumed 
to be unital. 

If {A, A) is a Hopf algebra, then the universal unital calculus (O, d) over A is 
a left-covariant calculus over (^, A). To see this, first observe that can 
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be made into a differential calculus, where id^ (^d is its differential. The map A, 

regarded as an algebra homomorphism from A to the 0- forms of ^ ® O, extends 
to an algebra homomorphism A' from Cl to A^fl such that A'd = (id^ (8>(i) A'. 
It now follows from the next lemma that {fl, d, A') is a left-covariant differential 
calculus over {A, A). 

Lemma 4.2. Let {Q, d) be a unital differential calculus over a Hopf algebra {A, A) 
such that dl = and suppose that Aq:Q —>■ A<^^ is an algebra homomorphism 
extending A: A^ A<^ A such that (id^ (g)ci) An = And. Then {Q, d, An) is a left- 
covariant differential calculus. 

Proof. We have to prove that (A (8) idn) An = (id^(8)An)An and (e(8)idn)An = 
idn, where e is the co-unit of {A, A). We shall prove only the first of these equations; 
the proof of the second is straightforward. Since (A ® idn) An and (id_4 C?)An) An 
are homomorphisms and O is generated as an algebra by the forms a and da, where 
a G we need only see that these homomorphisms are equal at such forms. This 
is obvious in the case of the elements a, since An (a) = A(a). For da we have 

(A (g) idn) Anrf(a) = (A ® idn)(id^ (8)ci)A(a) = (id^®id^®d)(A ® id^)A(a) 
= (id^®id^®rf)(id^®A)A(a) = (id^®Anci)A(a) 
= (id^®An)(id^«)rf)A(a) = (id^ ®An)Anrf(a). 

This proves the lemma. □ 

Recall that a linear functional /i on a Hopf algebra A is said to be left-invariant 
if (id (8)/i)A(a) = h{a)l, for all a E A, where 1 is the unit of A. Similarly, a linear 
functional h' on A is right-invariant if {h' id)A(a) = h'{a)l, for all a E A. Such 
functionals do not necessarily exist. It is easily seen that there is at most one 
unital linear functional h on A that is both left and right invariant. We call such 
a functional a Haar integral of A. In the sequel, we shall be principally interested 
in working with Hopf algebras that admit Haar integrals. If A is the Hopf algebra 
associated to a compact quantum group in the sense of Woronowicz, then it admits 
a Haar integral. From the point of view of relevance of the theory we are developing 
here, the Hopf algebras associated to quantum groups are those of prime interest. 

We say that a linear functional J on a left-covariant differential calculus (O, d) 
over a Hopf algebra A is left-invariant if (id^0 J)An(<^) = (/ u>)l, for all u> E Q, 
where 1 is the unit of A. 

Clearly, the restriction of J to ^ is a left-invariant linear functional on A; how- 
ever, it may be equal to zero on A (this is frequently the case). 

Theorem 4.3. Let J be a linear functional on a left-covariant differential calculus 
(Q, d) over a Hopf algebra A. Suppose also that A admits a Haar integral h. Then 

the following are equivalent conditions: 

(1) f auj = h{a) f Lu, for all a & A and for all uj e Q^"-'^ ; 

(2) J is left-invariant. 

Proof. Assume first that J is left-invariant and suppose that a E A and cu G 
O^"^. Since h{l) = 1, we have f au = h{{f au)l) = /i((id^(g) /)An(aa;)) = 
(/i® /)(A(a)(l (8)a;)) = /((/i (g) id^)A(a))a; = J h{a)iu = h{a)juj. Hence, Con- 
dition (2) implies Condition (1). 
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Now suppose that Condition (1) holds, and let a and oj be as before. We may- 
write A(a) = X^i^i ^i® (^i^ for some elements hi and q in A. Then (id_4 ® J) {AQ{auj)) — 
(id^ ® /) ( A(a) (1 ® o;) ) = (id^ ® /) (E,=i ® Q^) = (/ = E.=i /^(c.) (/ 

— (id^ (8>/i)(A(a)) f uj ~ h{a){f uj)1 = { J auj) 1. Since O is the linear span of the 
elements au, it follows that J is left-invariant. Hence, Condition (1) implies Con- 
dition (2). □ 

It is a well-known and useful result that if /i is a left-invariant linear functional 
on a Hopf algebra A and k, is the co-inverse on A, then 

Av((id^(g)/i)(A(a)(l(8)6))) = (id^ (g)/i)((l ® a)A(6)), 

for all elements a,b E A. We show now that a corresponding such result holds for 
left-invariant linear functionals on a differential calculus. 

Theorem 4.4. Let [Q, d) he a left-covariant differential calculus over a Hopf alge- 
bra A and let j be a left-invariant linear functional on VL. Then, 

for all uj,u!' e Q, where k is the co-inverse of A. 

Proof. Choose a linear basis {ui)i^i for Q'"^ and choose linear functionals fij on 
A such that (jJia = Y2j£iifij * for all a e ^; we can do this by Theorem 4.1. 
Let Eij be the operator on A defined by setting Eij{a) = * a. It suffices to show 
the equation in the theorem in the case that uj = aui and uj' = brj, for arbitrary 
elements a,b E A and rj e fi'"^ and arbitrary index i. We have 



At((id^® J ){An{au,){l(g)bri))) ^ K{{idA® J ){A{a){l(S) Lj,){l(g) b){l(g) t]))) 

= J]«((id^(8) / ){A{a){l®Eij{b)){l®ujjr]))) = J] «((id^ ®/ij)(A(a)(l (g) (6))), 
jei j€l 

where hj is the linear functional on A defined by setting h{a) = J auijT]. Since / is 
left- invariant, and uJiT] is also left- invariant, so is hj. Hence, 

K{{\dj^®h^){A{a){l® E,^{b))) = {idA mj)i{l^a)AE,j{b)). 

However, AEij{b) = A((id^ (g)/^ )A(6)) = (id^ (8)(id^ (g)/y)A)A(6) = {id0Eij)A{b). 

Consequently, we have 

J2<i^'iA®hj)iA(a){l Eij{b))) = J2i^^A®hj)iil a)AEij(b)) 

j€l j€l 

= J^(id^ ® / )((1 ® a)(id^ ^Eij)A{b){l ® ® rj)) 

= (id^«) j){{l®a){\®Ui)A{h){l®rii)) = iidA® j){{l®aoJi)Aa{hrii)). 
This proves the theorem. □ 

16 



Theorem 4.5. Let (Q, d) be a left-covariant differential calculus over a Hopf al- 
gebra A admitting a Haar integral h. Then the linear map, P: O ^ O, defined by 
setting P = {h® id^) A^, is idempotent with image equal to O^"^; also, P{ujiujuj2) = 
u!iP{u!)lj2, for all u E Q and ui,u!2 G O'"^. Moreover, Pd — dP . If J is a left- 
invariant linear functional on Q, then f P{u)) — f lv, for all uj E Q. 

Proof. If a is an element of A and u is an invariant form of Q, then 

P(aw) = (/i®idn)(A(a)An(cc;)) = (/i ® idn)(A(a)(l ® c.;)) - (/i ® id^)(A(a))a; = h{a)io. 

It follows from this calculation, that P{oj) = u and, using the fact that Q, is the 
linear span of the elements aw, that -P(fi) = VL^^^ . Hence, P^ = P. 

Now suppose that uj is an arbitrary form of O and that oji,uj2 € O'"^. Then 
P{uiuuj2) = (/i (S) idn)((l ®ui)Aq{uj){1 ®uj2)) = uJi{h ® idQ){Ai^{uj))uj2 = uiiP{u)uj2- 

We also have Pc/(w) = {h ® idn)And{Lj) = (/i ® ida)(id^®d)An(cc;) = O idn)An(w) 
= dP{uj). Hence, Pd = dP. 

Suppose now J is a left-invariant linear functional on 17. Then JP{uj) = /(/i® id^)An(a;) 
= (/i® /)An(a;) = /i((id^ ® /)An(a;)) = h{{j u)l) = Juj. □ 

If u' and UJ are invariant elements of Q, then J uj'au} = h{a) J uj'u!, since J u'auj = 
J P{oj'auj) = J uj'P{a)oj = h{a) J uj'uj. 

Corollary 4.6. The linear space of N- dimensional, left-invariant linear function- 
als on Q, is linearly isomorphic to the linear dual ofQ^^^. Hence, Q admits a unique 
non-zero, N -dimensional, left-invariant linear functional, up to a non-zero scalar 
factor, if, and only if, dim ($7'^"^) = 1. 

Proof. It follows directly from the theorem that he restriction map, J i— > Jj^inv, is the 
linear isomorphism of the preceding statement. Surjectivity of this map is the only 
non-obvious point. This is seen by observing that if r is a linear functional on O^^, 
then we can define the corresponding linear functional on by setting J = 0, if 
is a /c-form for which k < N, and by setting J u) = tP{lj), if c<; G Ojv. Then if a G ^ 
and LU G fi'^^, and if A(a) = J2iLi ® Q, for some elements bi and Ci belonging 
to A, we have (id^® J){Aa{auj)) = (id^ ® /)(A(a)(l ® cj)) = Ef^l'r{P{c^)LJ)bi = 
YliLih{'^i)^i^)h — (idyl ®/i)(A(a))r(ci;) = h{a)T{u)l = TP{au) = (J auj)l. Hence, 
by Theorem 4.1, J is left-invariant. □ 

A Haar integral /i on a Hopf algebra A is necessarily left faithful in the sense 
that, whenever a is an element of A for which h{ba) = 0, for all 6 G ^, we must 
have a = 0. 

Theorem 4.7. Let j be a non-zero, left-invariant linear functional on a left- 
covariant differential calculus (Jl, d) over a Hopf algebra A admitting a Haar inte- 
gral h. Then J is weakly faithful. 

Proof. Suppose that a E A and that J a;a = 0, for all a; G fi. Since J" 0, we may 
choose UJ such that J uj ^ 0. Then, for all 6 G ^, we have = J ujba = J P{ujba) = 
J P{uj)h{ba) = (/ u))h{ba). It follows, from faithfulness of /i, that a = 0. Hence, J 
is weakly faithful. □ 
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Theorem 4.8. Let (Q, d) he an N -dimensional left-covariant differential calculus 
over the Hopf algebra A admitting a Haar integral h. If (O, d) admits a left faithful, 
left-invariant, N -dimensional linear functional J, then dim{Q^^^) = 1. 

Proof. Let u be an invariant A^-form of Q for which J u) = 0. If a & A, then 
J au) — h{a) J u = 0. It follows, by faithfulness of /, that u = 0. Therefore, the 
linear map, J: n^y^ — > C, is injective. Since J is non-zero and left invariant, this 
restriction map cannot be the zero map. Hence, it is a linear isomorphism of Q^^^ 
onto C. Therefore, dim(f2^^^) = 1, as required. □ 

Corollary 4.9. The functional J is closed if, and only if, d{fl^}p!_i) — 0. If J is 
closed, it is necessarily a twisted graded trace. 

Proof. First observe that if P = (/i idn)AQ, and a e A and oj e Q^^"^, then 
/ {da)uj = J P{{da)u}) = J P{da)u = J {dP{a))(jj = 0, since P{a) e CI and dl = 0. 
Hence, J d{au;) = J adw + j{da)u) — J adui. Using the identification Vt^-i — 
A^^^_i, it follows from this observation that if d{Q}§'^_i) = 0, then J d = 0: that 
is, J is closed. Suppose now conversely that J is closed and let u G 0'^"^^^. Then 
= / d{auj) = J adu, for all a E A. By faithfulness of J, d{u>) — 0. Hence, 
<i(^^7V-i) — 0' ^ required. 

Now suppose that / is closed and we shall show it is a twisted graded trace. 
Choose any non-zero element 9 in fi^^ for which J 9 = 1; then fi^^ = C9. Since 
A9 = 9 A, by Theorem 4.1, there is a unique automorphism pi of A such that 
9a = pi{a)9, for all a G A. Also, the Haar integral h admits another automorphism 
P2 of A such that h{ba) = h{p2{a)b), for all a,b E A. Set ao — P2Pi- Then J b9a = 
J bpi{a)9 = h{bp\{a)) = h{p2Pi{a)b) = J ao{a)b9. It follows from Theorem 1.2 that 
J is a twisted graded trace. □ 

We say that an A'"-dimensional differential calculus (il, d) over a unital algebra 
A is non-degenerate if, whenever a; is a /c-form in Q for which u'u = 0, for all 
Lj' G Ojv-fe, we necessarily have u; = 0. It is clear that if Q admits a left faithful, 
A^-dimensional linear functional, then fl is non-degenerate. 

Theorem 4.10. Let (O, d) be a non- degenerate, N -dimensional, left-covariant dif- 
ferential calculus over a Hopf algebra A admitting a Haar integral h. Then Q 
admits a left faithful, left-invariant, N -dimensional linear functional if, and only 
if, dim(l}j°-) = 1. 

Proof. The forward implication follows from Theorem 4.6. Suppose conversely 
dim(f2^^) = 1. Then, by Theorem 4.6, admits a non-zero, A'"-dimensional, left- 
invariant linear functional J (unique up to multiplication by a scalar factor). To 
prove the theorem, we have only to show now that / is left faithful. Thus, we 
must show that if a; G O and J ui'ui — 0, for all u)' G O, then u) — Q. We may 
clearly suppose, without loss of generality, that a; G Ofc, for some index k < N. 
Then if uj' G ^N-ki we have uj'uj = a9, for some element a e A. Hence, if 6 G ^, 
J bu'u = 0, by assumption. Hence, h{ba) = 0, for all b E A. By faithfulness of h, 
a = 0. Therefore, lu'lj = 0. We now use non-degeneracy of to deduce that a; = 0, 
as required. □ 

Woronowicz has constructed a certain non-degenerate, left-covariant, three-dimensional 
calculus (n, d) over the Hopf algebra A underlying the compact quantum group 
SUq{2), where qis a. real parameter for which < |g| < 1. For this calculus, VL^^ 
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has a linear basis ojo,oji,oj2 for which Aoji = oJiA, for z = 0, 1,2. Hence, for each 
index z, there exists an automorphism pi of A such that cUjO = pi{a)u!i, for all 
ae A. 

Since SUq{2) is a compact quantum group, it admits a Haar integral h. Also, 
there is an automorphism poiA such that h{ha) = h{p{a)h), for all a^h & A. We de- 
fine a 1-dimensional, left-invariant linear functional J on f2 by setting J aoa;o + aia;i + a20J2 = 
h{ai) + h{a2)- This functional is closed. To see this, observe first that there exist 
linear functionals X0jXIjX2 on A such that da = Xli=o(^« * tt)uJi, for all a E A. 
Since dl — 0, we have Xi(l) = 0, for all i. Using this, and right-invariance of h, we 
get Jda = h{xi * a) + h{x2 * a) = /i(a)xi(l) + /i(a)x2(l) = 0. 

We claim now that J is not a twisted graded trace. Otherwise, let a denote 
its twist automorphism. Then J ua = f a{a)u, for all u; G Hi. Therefore, for 
a,b E A and z = 1, 2, we have h{ppi{a)b) = h{bpi{a)) = J bpi{a)uji = J buia = 
f a{a)buJi = h{a{a)b). Faithfulness of h now implies that ppi{a) = a (a), for all 
a E A. Hence, pi — p2- But if q:,7 are the canonical generators of SUq{2) as in [7], 
then pi{a) = q~^a and P2(«) = q~^ci, by Table 1 of [7]. Hence, pi ^ p2- This 
contradiction shows that, as claimed, / is not a twisted graded trace. 

We now truncate Woronowicz's calculus to get a 1-dimensional diffierential calcu- 
lus (O', d') over A. Then (O', d') is a non-degenerate, left-covariant, one-dimensional 
calculus over A, and ujq,uji, u)2 is a linear basis for the space of invariant 1-forms. 

The restriction j' of J to O' is a closed, left-invariant, 1-dimensional linear 
functional on As we saw is the case for J, the functional /' is also not a 
twisted graded trace. This shows that the faithfulness hypothesis in Theorem 4.10 
is necessary. 

Lemma 4.11. Let J be a left-invariant twisted graded trace on the universal unital 
differential calculus (il, d) over a Hopf algebra A admitting a Haar integral h. Let 
I be the left kernel of J and let J = I H Then the linear map from A® J 

to I that sends a (E) co onto auj is an isomorphism of left A-modules. Hence, I is 
invariant under A^^ in the sense that Aj=j(/) Q A® I. 

Proof. Let a; e /; using the identification oi A® 0}^'^ with fi, we write, as we 
may, lo = YIh^i ci'i^i: where ai, . . . , aM are linearly independent elements of A, and 
wi, ... are left-invariant elements of O. Set X = {{h{bai) , . . . .hiboM)) \ bEA}. 
We claim that X = . Suppose otherwise (and we shall obtain a contradiction). 
Then there exists a non-zero linear functional r on such that t{x) — 0, for 
all a; e X. Clearly, r is determined by scalars jii, . . . jP-m, in the sense that 
t(Ai, . . . , Am) = X^i^i KlJ'ii for all Ai, . . . , Am £ C. Moreover, since t ^ 0, the 
scalars pi are not all equal to zero. Now let b e A. Then h{b{Y^'^i^ piGi)) = 

^iti IJ'ih{bai) = r(/i(6ai), . . . , h{baM)) = 0. Hence, YldLi l^i^i — ^i by faithfulness 
of h. This contradicts the linear independence of the elements ai, . . . ,aM- Con- 
sequently, to avoid contradiction, we must have X = . It follows that there 
exist elements bi, . . . , 6m £ A such that h{bjai) — dji, for i, j — 1, . . . , M. Hence, 
for any invariant element r] in fi, we have, since a; e /, = f V^jO-ii^i = 

Si^i hibjai) J ijoji = J ijUj. Therefore, for any element a E A, J arjujj = h{a) J rjuj = 0. 
Consequently, the form coj belongs to / and therefore, since it is left- invariant, it 
belongs to J. The lemma now follows. □ 
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Theorem 4.12. Let j' be an N -dimensional, left-invariant, closed twisted graded 
trace on the universal unital differential calculus (O, d) over a Hopf algebra A ad- 
mitting a Haar integral h. The N -dimensional differential calculus (O, d) associated 
to (n, (i, /') is left-covariant and the canonical twisted graded trace J on (fi, d) is 
left-invariant. 

Proof. Let (p be the canonical algebra isomorphism from Q onto the quotient 
algebra ® ® /) obtained by mapping a ® (u; + /) onto a ® ct) + ^ ® /, for 

all a e ^ and oj e Cl. Then the map, Aq: f2 — > ^ (g) f2, defined by setting An (a; + 
/) = (l)~^{A^(jij -\- A® I) for all a; e ri, is a co-action making d) left-covariant. 
This follows from the readily verified facts that is an algebra homomorphism 
extending the co-multiplication on A and that (id^ ^d)A^ = A^d. 

To see that / is left-invariant, let a; G O and suppose that Aq^(u)) — X^^^ ai LOi, 
for some elements aj in A and forms in 0. Then 
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(id^® /)An(a; + /) = (id^® /)(^ai®(a;i + /)) = o'i + /)ai 

= Y.^j <^i)ai = {idA<» J ){A^u;) = {J oj)l = {J u; -\- 1)1. 



Thus, / is left-invariant, as required. □ 

Let .4 be a Hopf algebra. Let A be the quotient linear space A/ CI and, for a E A, 
write a for a -h C in A. We define a map An from A (8) A®^ to A<S>{A(S> A®^) 
by setting Ajv(ao <8) ai ® • • • ® on) = {m® id)(FG(ao ®ai®---® ajv))- Here, m 
is the unique linear map from to A that sends the elementary tensor 

oq® ■ • • ® On onto the product oq ■ ■ -gn- The map F is the unique linear map 
from {A®A)(S)iA(S) A)^^ to ^^C^+s) (g, A^^ that maps the elementary tensor 
(bo Co) (8) (6i ci) (g) • • • (g) (b^ ® Cat) onto (6o ® • • • (8) ^at) (cq (8) ci • • • (8) Cjv). Fi- 
nally, G is the (A'"-|-l)-fold tensor product A (8> A ■ ■ ■ 8) A, where A is the algebra 
homomorphism from A to A ® A defined as follows. Let tt be the quotient map 
from A to A, then A is defined by setting A(7r(a)) = (id^ (8>7r) A(a) for all a E A. 

Straightforward calculations show that Ajv is a left co-action of .A on ^ A'^^ . 

If (f: A^'^^ ^ C is a multilinear function that vanishes on any element (oq, ai, . . . jGn), 
whenever any of the components ai, . . . , on belongs to CI, we let be the corre- 
sponding linear map on A® A'^^ (so that tp{ao ® ai ■ ■ ■ ® oat) = (/^(ao, ■ ■ ■ ,(in))- 
We say that ip is left-invariant if (id^ (8)<^)Ajv(c) = ^{c)l, for all c e A®)A'^^, 
where 1 is the unit of A. 

Suppose now that (p is the twisted cyclic cocycle associated an AT-dimensional, 
closed twisted graded trace / on for some left-covariant differential calculus 
($7, d) over A. A straightforward calculation shows that 

(id(8) J )(A(ao)Af2d(ai) • • • And(aAr)) = (id ®<^)(Aiv(ao ® ai <® ■ ■ ■ <® ajv)), 

for all elements ao, ai, . . . , G A. From this it follows easily that J is left-invariant 
if, and only if, (p is left-invariant. 

We summarise our observations here in the following result. 
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Theorem 4.13. Suppose that (f2,(i) is a left-covariant differential calculus over a 

Hopf algebra A a,nd that J is an N -dimensional closed, twisted graded trace on Q. 
Let (/? be the corresponding twisted cyclic N-cocycle. Then J is left-invariant if, and 
only if, is left-invariant. 

5. A construction of a 3-dimensional differential calculus. 

In this section we show how our construction of a differential calculus from a 
closed twisted graded trace on the universal unital differential calculus can be used 
to show the existence of a 3-dimensional calculus first constructed by very different 
means by Woronowicz. 

First, recall that the universal unital differential calculus Cl over a Hopf algebra 
A is left covariant. Let k be the co-inverse on A, and denote by m the linear 
map from A®^toCt that sends the elementary tensor a® uj onto the product au). 
Define the linear map w from A to O'"^ by setting w{a) = m{K ® d)A{a). If the 
unit 1 of ^ and the family {ei)i^i form a linear basis for A, then, for each positive 
integer k, the products of the form w{eij^) ■ ■ ■w{ei^), where ii, . . . ,ik G /, form a 
linear basis of O'^"^, that we shall call the basis associated to the family (e^) [4]. 

If ^ is a Hopf *-algebra, then O is a ^-differential calculus over A, where w{a)* = 
—w{K,{a)*), for all a E A. Here, as usual, k is the co-inverse of A. 

Suppose now that qis a non-zero real parameter for which \q\ < 1. We denote by 
Aq the Hopf algebra associated to the compact quantum group SUq{2) [7]. Recall 
that Aq is the universal unital *-algebra generated by a pair of elements a and 7 
satisfying the relations 

a*a -\- 7*7 = 1 aa* -\- g^77* = 1 
7*7 — 77* 0^7 = Q^ct a^* = q^*a. 

The co-multiplication A on Aq is the unique unital *-homomorphism for which 

A(a) = a ® a — 57* ® 7 and A(7) = 7 ® a + a* ® 7. 

Let E = Z X N X N. For e = (/c, Z, m) e E, denote by the product 0^7^ (7*)™-. 
Here we use the usual convention in this context that for k < 0, a'^ — {a*)~'^. 
It is well known that these elements form a linear basis for Aq, that we shall 
call the standard basis. Writing We for w{ae), it follows that the non-zero products 
We^Ws^Wg^ form a basis for ^^3°^, that we shall call the standard basis of ^3°^ (of 
course, the element Wg^Wg^w^^ is equal to zero only if Si = (0, 0, 0), for some index i). 

Again suppose that e = (/c, /, m). We set c{£) = if / or m are positive and we 
set c{e) = c{k) = (1 — q~'^^){l — q~'^)~^, if I = rn ~ 0. If u; is a standard basis 
element, uj = Ws^We^Wsz-, we set c{uj) = c{ei) -\- 0(62) + ci^s)- 

We shall say that e is reduced, or that Og is reduced, if {k,l,m) 7^ (0,0,0) and 
if {k, I) = (0, 1), (0, 0) or (1, 0); in this case we set t{e) = —1, 0, or 1, respectively, 
and we call t{e) the type of e. 

We shall say that a standard basis element u> — We^Ws^We^ is reduced, if all 
the factors have reduced indices and their types are distinct. We set t{ui) = 
{t{ei),t{e2),t{e'i)), and call this triple the type of u. 

Using Theorem 4.3, we define a 3-dimcnsional left-invariant linear functional J 
on the universal unital differential calculus O over Aq by setting J equal to zero 
on all of the non-reduced standard basis elements, and by defining J on a reduced 
standard basis element u = We^Wg^We^ as follows: 
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(1) if t{u) = (-1, 0,1), f 00 = ciuj); (4) if t{uj) = (0, 1, -1), f uj = q^c{uj); 

(2) if t{u) = (-1, 1, 0), / a; = -q'ciu); (5) if t{uj) = (1, -1, 0), / cc; = q'^ciu); 

(3) if = (0, -1, 1), / w = -?^c(w); (6) if = (1, 0, -1), / w = -q^^c{ijo). 
Henceforth, we denote by e the co-unit of Aq. Since e{a) = 1 and 6(7) = 0, we 

have e(ae) = 0, unless e = (A;, 0,0), for some A; e Z, in which case e(ae) = 1. If 
a e we write a for a — e(a)l in the sequel. 

Theorem 5.1. The functional J is self-adjoint. 

Proof. If UJ belongs to O, we have to show that J uj* = [ J uj)~ . Using linearity and 
left-invariance of /, we may clearly reduce to the case where u = Ws-^Ws^Wg^, for 
some elements 61,62,63 E E. It follows from the formulas w{a)* = —w{K,{a)*) and 
K{a{k,l,m))* = {-iy+^q^-^a{k,m,l)tha,twehayewl^i„^^ = {-iy+'^+^q^-'^w^k,m,l)- 

Hence, uj* = ^w* w* w* is a scalar times a standard basis element that is reduced 

' £3 £2 S3 

if, and only if, uj is reduced. Therefore, Jw* = = (/c<;)~, if w is non- reduced. 

We now suppose that uj is reduced. In this case each index Si is reduced 
and we have Xli=i£i(2) = Zli=i ^(3) = 1, where = (£i(l), £i(2), £^(3)). Write 

6[= {6i{l),6i{3),6i{2)). Then a;* = (-l)Ei ei(2)+ei(3)^Ei ei(3)-ei(2)^^, ^ 

Wg'^Ws'^. We have only to show now, since J w is real- valued, that Jw = J w', 

where u' = We'.^'^e'.^'^e'^- Now if the type of uj is t{uj) = {ti,t2,ts), then the type of 
uj' is clearly t{u)') = {—ts, — ^2, ^^i)- An examination of the definition of J given in 
Equations (l)-(6) above shows that / takes on the same values on reduced stan- 
dard basis elements if one is of type {ti, t2, ts) and the other of type (— ts, — ^2, — ^i)- 
Hence, J uj = J uj' and the proof is completed. □ 

Lemma 5.2. Let a,b,c E Aq and suppose that c = 7 or c = 7*. Suppose also that 
uj\,uj2 G O^""^. Then f aw{bc)ujiuj2 = f auiw{bc)uj2 = / auJiuj2Vj{bc) = 0. 

Proof. We shall prove only that the first integral vanishes and only in the case 
that c = 7. The other cases have similar proofs. We may clearly suppose, by left- 
invariance of J, that a = 1. By linearity of /, we may also suppose that uji = 
and U2 = Wg^ and that b = a^, for some elements e, £1, £2 ^ E. 

If e{b) = 0, then 67 = a£_|_(o,i,o) is not reduced. Hence, the element w(bc)uJiUJ2 is 
not reduced. It follows that J vanishes on this element. 

On the other hand, if e{b) = 1, then b = — e(ag) = a'^ — 1, for some € Z. 
Hence, J w(bc)uJiUJ2 = J W{k,ifi)^eiWs^ — J M'(o,i,o)'"^£i'f^£2- This is equal to zero, 
since it follows easily from the definition of J that J W(^k,i,o)'^eiW£.2 independent 
oik. D 

Let (Jo be the twist automorphism associated to the Haar measure h on Aq] that 
is, ctq is the unique automorphism on Aq for which h{a'a) = h{ao{a)a'), for all 
a, a' G Aq. Let ai be the unique automorphism on Aq for which ai{a) = q~'^a, 
^1(7) — Q~'^7i cri(ct*) = q'^o* and o"i(7*) = q'^'y*. (This automorphism exists as a 
consequence of the universal property enjoyed by Aq). Finally, set a = aoai; of 
course, a is again an automorphism. 

Lemma 5.3. For all a E Aq and u G O3, we have J uja = J a{a)u). 

Proof. To see this, we may use the fact that a is an automorphism to reduce to the 
case where a is equal to one of a, 7, a* or 7*. We may also use simple linearity of / 
to reduce to the case that u = buj', where b E Aq and u' = Wsj^Ws^Ws^, for some 
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elements £i, £2, £3 € E, and uj' ^ 0. We write £j = (A;^, Zj, rrii). We shall consider in 
this proof only the case that a = a; the other three cases have similar proofs. 

We begin by observing that it is easy to check that there exists a positive inte- 
ger M and elements cio, . . . , cim, • • • , C40, • • • , C4m in Aq such that 



M 



(id^ ® id A ® A) (id^ ® A) A(q;) = ^ cij ® C2i ® csi cu 



i=0 



and such that c^o = for j = 1,2,3,4 and either 7 or 7* occurs in the triple 
C2ii c^ii C4i, for each index z = 1, . . . , M. It follows from [4, 14.3.2 Eqn. (51)] that 
w{ae^)'w{ae2)w{asa)ot = ^fioCuw(a2C2i)w{a3C3i)w{a4C4i), for all 02,03,04 G Aq. 
This, and Lemma 5.2, gives 

y 6t(;(ag Ji(;(a£2)t(;(ag3)Q; 

= / baw{a^a)w{a^a)w{a^a) + ^ / &cijt(;(a^C2j)t(;(a^C3i)i(;(a^C4i) 

= J baw{a^a)w{a^a)w{a^a). 

We now divide the proof up into two cases: where u' is reduced and where 
it is non-reduced. Considering first the case that u' is non-reduced, we have 
Si is non-reduced, for some index i, so that li + rrii > 2. Hence, w{a^a) = 
w{ae^a) = Xw{a(^ki+i,h,mi)) + lJ.w{a(^ki+i,ii+i,mi+i)), for some scalars A,// e C. 
Clearly, a(^ki+i,ii,mi) 3.nd a(fc^_|_i are non-reduced. It follows from this 

that / Lva = Jbaw{a^a)w{a^a)w{a^a) = 0. Also, by left-invariance of /, we 
have J a{a)uj = h{a{a)b) J uj' = 0. Thus, J coa = J a{a)uj, if uj' is non-reduced. 

We turn now to the second case, where u>' is reduced. First observe that for any 
integer k, we have 



(*) w{a'^j*a) = w{a''^*a) = q ^w{a''+^-f*) + nw{a''+^-f{j*f) 

w{a^a) = w{{a^ - l)a) = w{a^^'^) - w{a) + i'w{a''+'^^^*), 

for some scalars A, e C (precise knowledge of these scalars is not needed). 

We now have six subcases to consider, depending on the type t{u>') of uj'. We 
shall only give the details for the case that t{(jo') = (0, —1, 1) — the other five cases 
are proved by similar means. 

Using Equations (*), we get 

/ M.ia- ).(aN>(aS)a = / ^(™(.'-) - ™(.))™(a^-S>(.-S) 

= q-^hiba){-q^){c{ki + 1) - 1). 
One can easily check that c{ki -|- 1) — 1 = g~^c(/ci). Hence, 

Ju)a = J bw{a''')w{a''^-f*)w{a''^'-f)a = q-^h{ao{a)b){-q^) c{ki) 
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This completes the proof. □ 

We turn now to the problem of showing that J is closed. To this end, we 
introduce some convenient notation. If m: Q ® Q — > Q is the multiplication map, 
we write w{c) for m{w ^ w){c), for all cG Aq<S>Aq. If a e Aq, then d{w{a)) = 
w(A(a)) [4, 14.3.2 Eqn. (52)]. 

It is easy to verify that, for all u>i,u>2,i^3 G n^"^, we have J u!iU!2U)3 — 0, if any 
one of the factors uji is of the form We = w{as), where e is a non- reduced element 
of E. 

Let J be the left ideal of Aq ® Aq generated by the elements 7^ ® 1, 7*^ 1, 
77*0 1, 10 7^, 1 ® 7*^ and lC>?>77*. Using the commutation relations in the 
axioms for Aq, one easily sees that J is also a right ideal of Aq ^ Aq. On Aq ® Aq 
we denote by = the equivalence relation determined by J, so that c = c' if, and only 
if, c' — c E J. Using linearity of / and the fact that / vanishes on all non-reduced 
standard basis elements of O3, one can easily verify that, for all c, c' G Aq ^ Aq 
such that c = c', and all 1-forms / ujw{c) = f ujw{c') and / w{c)u) — f w{c')uj. 

We shall make frequent, often tacit, use of these observations in the sequel of 
this section. 

Theorem 5.4. The linear functional J is closed. 

Proof. By left-invariance, it is clear that we need only show that J dio — 0, if uj E 
Using the fact that J is non-zero only on the 3-forms, we may further suppose 
that (jj e ^^2°^. Using linearity of / and d, we may even suppose that a; = u^g^cj^g^, 
for some elements £1, £2 £ E. Given these considerations, the result will now follow 
from the next four lemmas. □ 

Lemma 5.5. Let a,b G Aq and suppose that b is equal to one of 7*^ or 77*. 
Let u e QT""- Then J d{w{ab)u) = J d{ujw{ab)) = 0. 

Proof. We may, and shall, suppose that u = Wg, for some e G E. We shall show 
only that / d{w{ab)uj) = 0; the proof that / d{ujw{ab)) = is similar. 

First, observe that J w{ab)u>' — 0, for any iv' G fi™^. (To see this, one can reduce 
to the case that a = a^^ and uj' = Ws^Wg^.) Hence, J d{w{ab)uj) = J d{w{ab))u — 
J w{ab)du> = J d{w{ab))uj. 

We consider first the case where 6 = 7^. Then 

A(a6) = A(a)(7 O a + a* O 7)^ 

= A(a)(7^ ® o? -\- 7Q!* (8) Q!7 + 01*7 ® 70; + o;*^ ® 7^) 

= A(a)(q'Q!*7 ® a^y + q~^a*^ ® 0:7). 

Hence, / d{w{ab))u; = J w{A{a){qa* ® a + q~^a* ® a){j ® 7))i^ = 0, where the 
last equality follows from the easily verified fact that / 10(0(7 (8) 7) )a; = 0? for all 
c G Aq (8) Aq (to see this, one can take c = ag^ a^^). 
The second case, where b = 7*^, is dealt with similarly. 

We turn now to the third case, where b — 77*. Using the first two cases already 
proved, we may suppose now, without loss of generality, that a = a'^, for some 
peZ. Then 

A{ab) = A(a)(7 (g) o; + a* (g) 7)(7* (g a* + a 7*) 

= A(a)(77* aa* + 70; (8) 0:7* + a*^* (8) 70;* + a*a <S> 77*) 

= A(q;^)(q"^q;7 (g) 07* + qa*'y* (g) a*7). 
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Since A(q!) = a ck — q^* ® 7, the above chain of equivalences imphes that 
A(a&) = (a^ ® a^){q~^a'y 0^7* + qa*'y* (g) q;*7) 

Therefore, 

(*) y d{w{ab))io = g-^ y «;(aP+S)«^K^S*)'^ + Q J w{aP-^-f*)w{aP-^-f)io. 

Write e = {k, I, m). lil-\-m> 1, both terms on the right hand side of Equation (*) 
are equal to zero. If Z = m = 0, we have J d{w{ab))uj = q~^{q^c{k)) + q{—q'^c{k)) ~ 0. 
Thus, / d{w{ab))uj = 0, whatever the value of e. □ 

Lemma 5.6. Let a,b,c E Aq and suppose that c is equal to either 7 or . Then 
J d{w{ac)w{bc)) = 0. 

Proof. We shall prove the result only in the case that = 7; the case that c = 7* 
has a similar proof. First, we remark that / ujiuj2UJs — 0, if the elements wi, ^2, t^s £ 
0,^1^, and two of them are of the form w{f'^) and w{f''y), for some elements /, /' e 
Aq. To see this, we may use linearity to reduce to the case where the other factor 
is of the form Wg", and f = and /' = a^/. Then U1U2UJ3 will be either the zero 
element, or a standard basis element that is not reduced, so that J u>iu>2u;s = 0. We 
use this now to show J d(w{ac)w{bc)) — 0. 

We may write A (a) = Yl!iLi ® ^1 A (6) — Y^^i ^1 foi" some elements 
aj, a?, bj, b1 e Aq. Then, since A(7) = 7 (g) a + a* 7, we have 

j d{w{a'y)w{b^)) = j w{/S.{a'y))w{b^) — j w{a'y)w{/S.{b^)) 

M M 

= ^ / w{a\-^)w{a1a)w{b-i) + XI / «'(al«*)«'(ah)«'(^7) 
i=i i=i 

M „ M „ 

- w{a-i)w{b\-i)w{b1a) - ^ J w{a-i)w{b\a*)w{b1-i). 



1=1 " i=i 



It follows from the remarks in the preceding paragraph that all the terms in the 
four sums vanish, and therefore J d{w{a^)w{bj)) — 0, as required. □ 

Lemma 5.7. Let ki and /c2 be integers and suppose that c is equal to 7 or 7*. 
Then J d{w{a.''^ c)w{a.^^ c*)) = 0. 

Proof. The two cases have similar proofs; we give the proof for c = 7 only. We have 

A{a''^^) = A(q;''i)(7 (g a + a* O 7) ^ g) a''^){'y g) a + cu* g) 7) 
(5.1) ^a^'^0a'''+^ + a'''-^ ^a'^'r, 



and similarly, 

A(a'=27*) = a'^^-f* ® a^^'^ + a'''+^ ® a''^-f*. 
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Therefore, 

= -q^^c{ki + 1) + g6c(/ci - 1) - g^c(A;2 - 1) + g'°c(A;2 + 1). 

An elementary calculation shows that c{k — 1) — q^c{k + 1) = — g^(l + g^), for all 
/c e Z, and it follows that / d{w{a^^^)w{a^^^*)) = 0. □ 

Lemma 5.8. Ifki and k2 are integers and c is equal to 1, 7 or'-y*, then / w{a^^c)'w{a^'^) = 
/ w{a^^)w{a^^c) = 0. 

Proof. We show the result only in the case c = 1 and = 7; the case c = 7* is 
proved similarly to that for = 7. We shall assume that ki and k2 are positive; the 
cases where they are not can be dealt with by similar arguments to that we present 
here. 

Let m be a positive integer. Since c(l) = 1, c(m + 1) = 1 + g~^c(m), and 
(7* ® 7)(a ® a) = (a ® a) (7* (X) 7), a simple induction argument based on the 
formula A(q:) = a ® a — 57* ® 7 implies that A(q;'^) = {a® a — 57* (g) 7)"^ = 
a"^ a"^ - gc(m)(a"^-^ a^-i)(7* 7). Consequently, 

j d{w{a''^)w{a^^)) = j w{a^^)w{a^^)w{a!'^) - qc{ki) j w{a''^-^-i*)w{a!'^-^-i)w{a.^^) 

= + g^ c{ki)c{k2) - - q^c{k2)c{ki) = 0. 

Now we consider the case where c — By Equation (5.1) in the proof of 
Lemma 5.7, we know that A{a'^^'y) = a'''-^ (S> a'^'-'^^ + a^'-~'^ ® a^"-^. By the 
considerations of the preceding paragraph, we know that A(q;'^2) = a^'^ ® a}''^ + 
Aa'^^-i^* (g) Q,fc2-i^^ for some A e C. Hence, 



All of the terms in the sum are easily seen to be zero, since they involve evaluating J 
on non-reduced standard basis elements. Therefore, J d{w{a^^^)w{a^^)) = 0. □ 

Now that we have established that J is closed, we use Lemma 5.3 and Theo- 
rem 1.1 to deduce that / is a twisted graded trace. Moreover, the twist automor- 
phism cr of J extends the automorphism a of .4q. We use these facts and the fact 
that J is self-adjoint, to apply the construction of Section 1 to the triple (O, d, j) 
to deduce the existence of a left-covariant, 3-dimensional *-differential calculus 
over Aq. We shall denote the canonical twisted graded trace on Q by the same 
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symbol J and refer to the domains of these functionals to distinguish them in cases 
of ambiguity. 

Let TT denote the quotient map from onto fl. It is easy to verify from the 
definition of J on O that, 

(1) For aU k e Z, Tv{w{a'^)) = c{k)Tv{w{a)), 7v{w{a^'^)) = tv{w{j)) and 7r(«;(Q;''7*)) = 
7t{w{Y)); 

(2) For all k,l,m E Z for which m > and Z + m > 2, we have 7r(iO(fcj ~ 0. 
Set uq = — g7r(w(7*)), lvi = TT{w{a)) and U2 = —q~^7r{w{'y)). It follows from 

Conditions (1) and (2) that uq, u>i and u>2 linearly span fi'"^. It is immediate from 
the definition of J on that 

/ (jjQUliUJ2 =1 / UJQUJ2OJ1 = 

f U1UQU2 = -q^ f U1U2UJ0 

I U!2t00U>l = q^ J U>2i^li^0 

;i IK 1 that J uJiUJjU!}- = for every i, j, k e {0, 1, 2} where any two of the indices i, j, k 
are the same. 

Since the trace j on O is left faithful, it follows easily that uq, lvi and 002 are 
linearly independent and therefore that they form a linear basis for Q^^^. 

Let a and 61, ... , 6m and ci, . . . , cm be elements in Aq such that A(a) = ^f^i h Cj. 
Then, by Equations (51) and (52) of [4, 14.3.2] , and the equation w{a)* = 
—w{K{a)*), which holds for all a G Aq, we have 

(1) 7r(M;(a))6 = Y^fii bi'K{w{aCi)), for aU b e Aq; 

(2) da = ^fi^bi7T{w{ci)); 

(3) d7:{w{a)) = Y.f=i T^{w{bi)) Ti{w{ci))] 

(4) = quj2 cu* = —oJi UJ2 = q~^uJo. 

Applying these formulas in our particular case, it is easy to check that the 
differential calculus {Cl, d) that we have constructed here satisfies the formulas in 
Tables 1, 2 and 6 of [7]. 

Using faithfulness J on O, combined with the formulas in Equations (5.2), one 
can readily verify that our differential calculus also satisfies the formulas of Table 
5 of [7] and that the three elements ujquji, Ul>qu>2 and u)iUJ2 form a linear basis for 

With this information at hand, it is now straightforward to conclude that our 
♦-differential calculus (O, d) is isomorphic to the 3-dimensional calculus constructed 
by Woronowicz in [7] by an entirely different method. 

We believe that our method for constructing calculi is one that is perhaps more 
natural than other methods, since the basis of our approach is essentially to devise 
a "presentation" of the calculus in terms of generators and relations. We hope that 
the method will be used in the future to construct other interesting calculi. 
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